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◇ Motivation	
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Future experiments (ILC,HL-LHC) 	
�mc ⇠ 0.6%, �↵s ⇠ 0.5%

[LHC	  Higgs	  Cross	  Sec.on	  Working	  Group	  (2013)]	

Previous lattice works (HPQCD) 	

(e.g.) Higgs partial widths	

�mc ⇠ 0.6%, �↵s ⇠ 0.6%
[G.	  P.	  Lepage,	  P.	  B.	  Macknzie,	  and	  E.	  Peskin	  (2015)]	

[HPQCD	  	  (2015)]	

◉ Precise lattice calculation helps the future experiments.	

◉ Essential input parameters to precisely determine…	



◇ Motivation	
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◉ Moment method (pseudoscalar-current correlators)	

Previous works (HPQCD)	

◉ Staggered fermion formalism  	

◉ Lattice spacings: 0.15 ~ 0.06 fm  	

◉ (Bayesian like fitting)	

◇ We provide independent result with "
" " " " " " " "DW fermion (0.083 ~ 0.044 fm).	



◇ Moment method	
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q

2⇧(q2) = i

Z
dxeiqxhj5(x)j5(0)i

Moment: Derivative of the correlators  	

Calculable perturbatively as a function of                   .	mMS
c ,↵MS

Current correlator	

[K.	  G.	  Chetyrkin	  et	  al.	  (2006)]	  
[R.	  Boughezal	  et	  al.	  (2006)]	  

[A.	  Maier	  et	  al.	  (2009)]	
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Moment on the lattice 	

◉ Replace	

Correlator           on the lattice 	

G(t) = a

6
X

x

(am0c)
2hj5(x)j5(0)i

G(t)

◉ Moment is easily calculated from          	G(t)
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What’s the Moment? 	

◉ Moment is defined by          at typical energy scale	G(t)
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◉ Typical energy scale depends on the weight factor n	

Energy	  scale	  	HIGH	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	 LOW	 � �!

a�1 � (Energy scale) � ⇤QCD �! 6  n ⌧ 20

⇤QCD ⇠ 300 MeV

Contain"
Discretization "
effect	

”Window”	

am⌘c ⇠ 0.6636
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◉ Vector moment can be measured in the experiment."
"
"
"
"
"
"
"
"
"
"
"
"
"
"
◉ Moment is a weighted integral of the R-ratio."
"

What’s the Moment? (From comparison with experiment)	
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◉ Vector moment can be measured in the experiment."
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What’s the Moment? (From comparison with experiment)	

6 44. Plots of cross sections and related quantities

σ and R in e+e− Collisions
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Figure 44.6: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− → hadrons, s)/σ(e+e− → µ+µ−, s).
σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state radiation and electron-positron vertex loops, σ(e+e− →
µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV and statistical above 2 GeV. The curves are an educative guide: the broken one
(green) is a naive quark-parton model prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of
this Review, Eq. (9.7) or, for more details, K. G. Chetyrkin et al., Nucl. Phys. B586, 56 (2000) (Erratum ibid. B634, 413 (2002)). Breit-Wigner
parameterizations of J/ψ, ψ(2S), and Υ(nS), n = 1, 2, 3, 4 are also shown. The full list of references to the original data and the details of
the R ratio extraction from them can be found in [arXiv:hep-ph/0312114]. Corresponding computer-readable data files are available at
http://pdg.lbl.gov/current/xsect/. (Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, May 2010.)
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◉ Same analysis with the pseudo-scalar."
"
◉ It has bigger fluctuation (since we have to need       )"
"
(A little discrepancy at n = 6, from EM and Disconnected contribution (?))"
"

ZV

Lattice result	

Experiment	
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Correspondence between lattice and continuum	

G(Lat)

n =
g(conti)n (mMS

c ,↵
MS

)

(amMS

c )n�4

◉ Using reduced moment       …"
" "with       and       , the counterparts at the tree-level,	
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Lattice setup	

◉ Mobius Domain Wall Fermion formalism"
"

◉                      in the sea; "
   3 values of (valence) charm quark mass to interpolate"

47

β a−1 [GeV] L× T L5 amud ams congfigs mπ [MeV] mπL Id.

4.17 2.4531(40) 323 × 64 (L = 2.6 fm) 12 0.0035 0.040 300 230 3.0 32-0

0.007 0.030 300 310 4.0 32-1

0.007 0.040 300 310 4.0 32-2

0.012 0.030 300 400 5.2 32-3

0.012 0.040 300 400 5.2 32-4

0.019 0.030 300 500 6.5 32-5

0.019 0.040 300 500 6.5 32-6

483 × 96 (L = 3.9 fm) 12 0.0035 0.040 401 230 4.4 32-7

4.35 3.6097(89) 483 × 96 (L = 2.6 fm) 8 0.0042 0.0180 300 300 3.9 48-0

0.0042 0.0250 300 300 3.9 48-1

0.0080 0.0180 301 410 5.4 48-2

0.0080 0.0250 297 410 5.4 48-3

0.0120 0.0180 298 500 6.6 48-4

0.0120 0.0250 300 500 6.6 48-5

4.47 4.4961(92) 643 × 128 (L = 2.8 fm) 8 0.0030 0.015 397 280 4.0 64-0

TABLE II. ͷઃఆࢉܭͰͷ্ࢠ֨

ϐʔΫઌʹड़ͨΑ͏ʹ nʹґଘͯ͠มԽ͢ΔͨΊɺ͜ͷ੍ݶ nʹର͢Δ੍ݶʹಡΈସ͑Δ͜ͱ͕Ͱ͖
Δɻ࣮ࡍʹ Fig.6ΛͯݟΈΔͱɺR4  t=1,2͔Βͷد༩͕େ͖͘ɺ୯७ʹ χ2 ϑΟοτͳͲΛ͢Δ߹ʹ͏
͜ͱ͕Ͱ͖ͳ͍ɻ·ͨɺେ͖ͳ nʹରͯ͠ϐʔΫେ͖͘ͳΓɺϞʔϝϯτʹد༩͢Δओཁͳεέʔϧখ
͘͞ͳ͍ͬͯ͘ɻઁಈతͳ͏͕ࢉܭ·͍͘͘ൣғʹओཁͳεέʔϧ͕ऩ·Δൣғɺ͓Αͦ n ∼ քͰ͋ݶ20͕
ΓɺͦΕҎԼͷ nͷϞʔϝϯτΛΘͳ͚ΕͳΒͳ͍ɻ͜ͷจͰ࠷ऴతͳࢉܭͷࡍɺn = 6, 8, 10ͷϞʔϝ
ϯτͷΈΛ͏ɻ͜ΕΒͷϞʔϝϯτ͕ͦΕҎ্ͷ nͷϞʔϝϯτʹൺͯઁಈతʹ࣍ߴ·Ͱ͞ࢉܭΕ͍ͯΔ
ͨΊɺઁಈ͔Β͘Δ͕ࠩޡখ͘͞ͳΔ͔ΒͰ͋Δɻ͜ΕΒ্ʹࣔͨ͠ nͷ੍ݶΛຬ͍ͨͯ͠Δɻ
ɺ࿈ଓཧଆͰઁ͕͢هʹষ࣍ࡉΛਖ਼֬ʹධՁ͢Δඞཁੑ͕͋Δɻৄࠩޡɺछʑͷʹࡍͷࢉܭऴతͳ࠷

ಈల։ͷଧͪΓ͍ͯ͘ޮ͕ࠩޡΔɻ࠷ऴతʹ͜ͷد༩͕ࠩޡͷد༩ͱͯ͠ࢧతͰ͋Δ͜ͱΛݟΔɻ্֨ࢠͷ
ͳ͚Εͳ͑ߟΛࠩޡମੵޮՌɺ֎ૠ͔Β͘Δݶɺ༗ࠩޡΒ͘Δִ͔ؒࢠɺ֨ࠩޡܭΛར༻͢Δ͜ͱ͔Βɺ౷ࢉܭ
Βͳ͍ɻ͞Βʹɺ্֨ࢠͷࢉܭͱઁಈͰͷࢉܭΛར༻͢ΔͨΊʹɺάϧʔΦϯॖڽඇ࿈݁ਤ cc̄ → gg → cc̄ɺ
ి࣓૬࡞ޓ༻͔Β͘Δد༩ΛऔΓѻ͏ඞཁੑ͕͋Δɻ͜ΕΒ֤ʑOPEల։Ͱ͋ͬͨΓɺඇ૬ରతͳ͔ۙࣅΒ
ΊΔɻٻఆΛ߹݁ڧΛධՁ্ͨ͠ͰɺνϟʔϜΫΥʔΫ࣭ྔͱࠩޡΔ͜ͱ͕Ͱ͖Δɻ͜ΕΒͷͯ͢ͷੵݟ

IV. ࢠ֨ QCDͰͷ݁ՌͱࠩޡͷऔΓѻ͍

͜ͷจͰϞʔϝϯτΛϝϏευϝΠϯΥʔϧϑΣϧϛΦϯΛ༻͍ͯͨ͠ࢉܭɻύϥϝʔλʔͷઃఆTable
IIʹࣔͯ͋͠Δɻ֤Ґ͝ͱʹࡾछྨͷbareͳνϟʔϜΫΥʔΫ࣭ྔ͕ɺβ = 4.17ͷͱ͖m = {0.350, 0.445, 0.520}ɺ
β = 4.35ͷͱ͖m = {0.200, 0.273, 0.310}ɺβ = 4.47ͷͱ͖m = {0.150, 0.206, 0.250}ͱ४උ͞Ε͍ͯΔɻ֤
Ґ͝ͱͷϞʔϝϯτͷ݁ࢉܭՌ Table IIIʹ͋ͯ͠هΔɻ༗ݶମੵޮՌ͕ແࢹͰ͖ͳ͍΄Ͳେ͖͍ͨΊɺ࠷ऴత
ͳ݁Ռʹ Id=(32-0)༻͠ͳ͍ɻ͜ͷҐɺ༗ݶମੵޮՌʹΑΔࠩޡΛੵݟΔࡍʹͷΈ͜͏ͱʹ͢Δɻޡ
ࠩʹؔͯ͠ҎԼͰৄࡉʹ͍ٞͯ͘͠ɻ

A. ༗ݶମੵޮՌ

ମੵޮՌΛऔΓѻ͏ɻTableݶΊʹ༗࢝ͣ· IIIͷ Id=(32-0)ͱ Id=(32-7)ʹண͢Δͱɺ͜ ͷೋͭͷηοτΞο
ϓମੵΛআ͍ͯಉҰͰ͋Δ (L=32ͱ 48)ɻͦ͜Ͱɺ࿈ଓݶۃΛͱΔ͍ͯͬʹࡍΔ༗ݶମੵޮՌΛɺ͜ͷೋͭ
ͷࠩΛ࣍ͯͬͷΑ͏ʹੵݟΔɻ

|Rn(L = 32)−Rn(L = 48)|. (IV.1)

Rn(L = 32)େ͖ͳ༗ݶମੵޮՌΛड͚͍ͯΔ͔Βɺ࿈ଓݶۃΛͱΔ·Ͱͷࠩޡͱͯ͠ଥͳੵݟΓͩͱߟ
͑ΒΕΔɻ

nf = 2 + 1
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Equality	

Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)

Steps toward the        extraction	mMS
c

Lattice: Calculate reduced moment       , "
" " " " " "and extrapolate to continuum limit."

"
"
Continuum: Calculate      perturbatively "
" " " " " " " " " "(we use n = 6, 8, 10)."

"
◉ Solving the simultaneous equations for different n’s,"
" " " " " " " " " we obtain                    ."

"

Rn

rn

mMS
c ,↵MS
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14	

Extrapolation to contimuum (                              )  	

Rn(a) = Rn(0)
�
1 + c1(amc)

2
�
⇥
✓
1 + f1

mu +md +ms

mc

◆

Essentially flat (~1) term"(Stat.)(a)(O(a4))(Vol.)

R6 1.520(2)(1)(8)(5)

R8 1.368(1)(1)(4)(2)

R10 1.302(1)(0)(3)(1)

R12 1.262(1)(0)(3)(0)

R14 1.236(1)(0)(3)(0)

R16 1.217(1)(0)(3)(1)

TABLE V. Extrapolated (a→ 0,muds → 0) Rn.

(Stat.)(a)(O(a4))(Vol.)

R6/R8 1.1113(6)(3)(28)(2)

R8/R10 1.0510(2)(1)(5)(1)

R10/R12 1.0313(1)(1)(0)(1)

TABLE VI. Extrapolated Rn/Rn+2.

parameters R(0)
n (0), c(0)1 , f (0)

1 . Next we use as a fitting function which includes O(a4) contribution,

R(±)
n (a) = R(±)

n (0)
(
1 + c(±)

1 (amc)
2 ± c(0)1 (amc)

4
)
×
(
1 + f (±)

1

mu +md +ms

mc

)
, (.25)

and we estimate the O(a4) error of the extrapolated reduced moment δR(0)n as

δR(0)n = max(|R(0)
n (0)−R(+)

n (0)|, |R(0)
n (0)−R(−)

n (0)|). (.26)

On the other hand, mu +md +ms dependence is essentially flat (f1 ∼ 0), so it is enough up to

linear mu +md +ms fitting.

(Table.V) is our result of the extrapolated R(0)
n . We use simply χ2 fitting instead of Bayesian

like fitting.
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Error ❶ Finite volume effect	

◉ Prepare two ensembles (same setup except for the volume)  "
"

m⇡L ⇠ 3.0

m⇡L ⇠ 4.4

Rn(L = 32)

Rn(L = 48)

Finite volume error 	

�LRn = |Rn(L = 48)�Rn(L = 32)|
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Error ❷           truncation error	

           truncation error 	

O(a4)

-1 -0.5  0  0.5  1

y

fitting

O(a4)

Rn(a
2) = R0

n(0)(1 + c1a
2)

�O(a4)Rn = max(�R(+)
n , �R(�)

n )

R
(a

2
)

a2[ GeV�2]
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Error ❷           truncation error	

           truncation error 	

O(a4)

O(a4)

�O(a4)Rn = max(�R(+)
n , �R(�)

n )

�R(+)
n

�R(�)
n

Rn(a
2) = R0

n(0)(1 + c1a
2 + c1a

4)

Rn(a
2) = R0

n(0)(1 + c1a
2)

Rn(a
2) = R0

n(0)(1 + c1a
2 � c1a

4)

Estimate the higher order coefficients	R
(a

2
)

a2[ GeV�2]
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Any other sources of errors? 	

◉ Possible sources of systematic error…"
"
 (1): Input meson mass           error (Almost negligible)"

" ""
" "After correcting for…    (a) Electromagnetic effect,    "
" " " " " "(b) Disconnected diagram contributions.     "

"

 (2): Gluon condensate contribution"
	  
"

 (3): Truncation error from perturbative expansion of "

Equality	

Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)

mexp

⌘c

rn



Error ❷ Gluon condensate     	
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◉ Perturbative calculation does not contain gluon condensate."
"
"It is known to 2-loop by OPE."

"
"
"
"
"
"
"
"
◉ New parameter arise…"
"
"
◇ We may extract it as a solution of the equations, n = 6, 8, & 10."
"

[M.	  A.	  Shifman,	  	  A.	  I.	  Vaientshtein,	  &	  V.	  I.	  Zakharov	  (1979)]	  
[D.	  J.	  Broadhurst,	  et	  al	  (1994)]	  

rgluen =

✓
h(↵s/⇡)Gµ⌫Gµ⌫i

(2m)4
An(m

MS
c ,↵MS)

◆ 1
n�4

h(↵s/⇡)Gµ⌫Gµ⌫i
(2m)4



◉        does not depend on the renormalization scale    ."
                                 "
"
" " " does not depend on the scale  "
" " " " "at the all order of perturbative expantions."

"
"
◉ Estimate the truncation error from     dependence of "

Error ❸ Perturbative truncation     	

20	

Equality	

Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)

Rn �!
rn(µ)

mMS
c (µ)

µ

rn(µ)

mMS
c (µ)

µ

µ
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Error ❸ Perturbative truncation     	
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Error ❸ Perturbative truncation     	

◉ Actually, we consider                                           ,"
" " " " not only  "

 　　　　　　　　　　　　　　　　　　"

µ [GeV]

Truncation"
 error"

µ↵ 6= µm (↵(µ↵),mc(µm))
µ↵ = µm [B.	  Dehnadi,	  A.	  H.	  Hoang,	  and	  V.	  Mateu	  (2015)]	

r n
(µ
)

m
M

S
c

(µ
)
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Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)

Charm mass and"
Strong coupling	



Trunc. Stat. a O(a4) FV mexp

⌘c Disc EM ⌘cJ/ ALL
mc(3GeV) 0.9944 GeV (26) (14) (7) (53) (33) (3) (3) (5) (10) =(70)
↵s(3GeV) 0.2534 (47) (10) (4) (45) (33) (0) (0) (0) (1) =(74)
h↵/⇡G2i

m4 -0.0019 (38) (0) (0) (3) (0) (0) (0) (0) (0) =(38)

Result (                 ) 	

◉ With a condition                   ,  "
"
"
"
"
"
"
"
"
"
"
◉ We select                                           since it is perturbatively stable."
"
◉ Errors from perturbative and lattice             truncation are significant."

µm = µ↵

24	

µm = µ↵

Lattice	          (negligible)	m⌘c

R6/R8, R8,& R10

R6/R8, R8,& R10

O(a4)
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Error is estimated in this region 	
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Error is estimated in this region 	

µm 6= µ↵

µm = µ↵ µm 6= µ↵

mc(3GeV) (26) (78)
↵s(3GeV) (47) (119)



Trunc. Stat. a O(a4) FV mexp

⌘c Disc EM ⌘cJ/ ALL
mc(3GeV) 0.9944 GeV (78) (14) (7) (53) (33) (3) (3) (5) (10) =(102)
↵s(3GeV) 0.2534 (119) (10) (4) (45) (33) (0) (0) (0) (1) =(132)
h↵/⇡G2i

m4 -0.0019 (69) (0) (0) (3) (0) (0) (0) (0) (0) =(69)

◉ More conservative estimation of the perturbative error.  "
"
"
"
"
"
"
"
"
"
"
◉ Perturbation error is             larger than that of "
"
◉ Continuum uncertainty become more important."
"
◉ ~1% precision is achieved for          ."

27	

"
"
"
"
"
"
"
"
"
"
"
"

Result (                 ) 	µm 6= µ↵

Lattice	          (negligible)	m⌘c

mMS
c

R6/R8, R8,& R10

⇠ ⇥2 µm = µ↵
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 1.2  1.25  1.3  1.35  1.4

This work"
"

HPQCD(2015) "
"
HPQCD(2010)"
  "
HPQCD(2008)"
"
ETMC(2014)"
"
    QCD(2015)"
"

ALPHA(2013)"
"
PDG"

�

Result (                 ) 	µm 6= µ↵

Moment	

RI/MOM	

mc(µ = mc)
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Result PDG

mMS
c (µ = 3 GeV) 0.9944(102) GeV

mMS
c (µ = mMS

c ) 1.280(13) GeV 1.275(25) GeV
↵MS(µ = 3 GeV) 0.2534(132) 0.2567(34)
↵MS(µ = MZ) 0.1178(27) 0.1185(6)

⇤
nf=4

MS
288(39) MeV 297(8) MeV

⇤
nf=5

MS
206(34) MeV 214(7) MeV

Result (                 ) 	µm 6= µ↵



Consistency with experiment (Vector)     	
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G(Lat)

n =
g(conti)n (mMS

c ,↵
MS

)

(amMS

c )n�4

Z2

V G
(Lat)

V n =
g(conti)V n (mMS

c ,↵
MS

)

(amMS

c )n�2

"
"
"
"
"
"
"
"
◉ Input       from               analysis with OPE."
"
"
"
"
"
   (e.g.)"
"
"

Z̃V(x) = ZV + c�2x
�2 + c4x

4 + c6x
6 +O(x8)

ZV
(JLQCD, M. Tomii et al.)	

                Pseudo                                       Vector"�!

ZV (a
�1 = 4.47 GeV) = 0.9651(46)

⇧MS
V (x)
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Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)

Vector current Moment 	

Charm quark mass and "
Strong coupling…?	
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Vector current Moment 	

No."
◉ Error from perturb and "
◉ Similar            dependence	mc,↵

ZV

Rn =
mexp

⌘c

2mMS

c

rn(m
MS

c ,↵
MS

)
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◉ We extract        and         from the time moments of"
"charmonium current correlators."

"
◉ Take continuum limit by the result at                                   ,"
"and carefully discuss the error."
"Discretization effect is significant but controllable,"
"and perturbative truncation is important."

"
◉ We also use moment of vector correlator. The moments  "
"consistent with the experimental R-ratio."

"
"
"
"

Summary 	

mMS
c ↵MS

a�1 = 2.4, 3.6, 4.5 GeV

mMS
c (3 GeV) = 0.9944(102) GeV

↵MS(3 GeV) = 0.2534(132)



Backup slides    	
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Error ❶ Input meson mass        error    	
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◉ We use PDG value,                                      ,"
"after correcting for…"
" "(a) Electromagnetic effect, "
" "(b) Disconnected diagram contributions."

"
◉ Estimates from previous works (lattice, pheno):"

mexp

⌘c

m⌘c �mno EM

⌘c
= �2.4(8) MeV

m⌘c �mno Disconnect

⌘c
= �2.6(13) MeV

[E.	  Follana,	  et	  al.	  (2007)]	

[C.	  T.	  H.	  Davis,	  et	  al.	  (2007)]	

Electromagnetic 	

Disconnected  	

mexp

⌘c
= 2.9836(7) GeV



Error ❶ Input meson mass        error    	
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mexp

⌘c

 0.085

 0.09

 0.095

 0.1

 0.105

 0.11

 0.115

 0.12

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

6
 [G

eV
]

a2 [GeV-2] 

6PDG

63 point

62 point

Hyperfine splitting error	

��J/ �⌘c = |�3 point

J/ �⌘c ��2 point

J/ �⌘c |

��J/ �⌘c

3 point fitting	

2 point solution	



Error ❶ Input meson mass        error    	
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mexp

⌘c

mmodified

⌘c
= 2983.6 + 2.4

Disc. + 2.6
EM

± (0.7)
PDG

± (0.8)
Disc. ± (1.3)

EM

± (2.3)
split

◉ Finally we use…"
"
"
"
"
"
"
"
"
"
"
"
"
◆Note: All of these error sources are negligible."
"
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Result (                 ) 	µm = µ↵

Result PDG

mMS
c (µ = 3 GeV) 0.9944(91) GeV

mMS
c (µ = mMS

c ) 1.280(13) GeV 1.275(25) GeV
↵MS(µ = 3 GeV) 0.2534(74) 0.2567(34)
↵MS(µ = MZ) 0.1178(15) 0.1185(6)

⇤
nf=4

MS
288(22) MeV 297(8) MeV

⇤
nf=5

MS
206(18) MeV 214(7) MeV



Moment and R-ratio    	
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1

n!

✓
@

@q2

◆n �
⇧(q2)

�
q2=Q2

0
=

I
dq2

2⇡i

1

(q2 �Q2

0

)n+1

⇧(q2)

=

Z
dq2

2⇡i

1

(q2 �Q2

0

)n+1

2iIm
⇥
⇧(q2)

⇤

=

Z
dq2

⇡

q2

(4⇡↵)2Q2

f

1

(q2 �Q2

0

)n+1

�e+e�!hadron

(q2)

=
1

12⇡Q2

f

Z
dq2

1

(q2 �Q2

0

)n+1

�e+e�!hadron

(q2)

�e+e�!µ+µ�(q2)

Residue theorem (or Disparsion relation)	

Contour integral	

Optical theorem	

1

n!

✓
@

@q2

◆n �
⇧(q2)

�
q2=0

=
1

12⇡Q2

f

Z
ds

1

sn+1

R(s)e+e�! hadron

Take 	Q0 = 0
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k C(0)
k C(10)

k C(11)
k C(20)

k C(21)
k C(22)

k C(30)
k C(31)

k C(32)
k C(33)

k

1 1.3333 3.1111 0.0000 0.1154 -6.4815 0.0000 -1.2224 2.5008 13.5031 0.0000
2 0.5333 2.0642 1.0667 7.2362 1.5909 -0.0444 7.0659 -7.5852 0.5505 0.0321
3 0.3048 1.2117 1.2190 5.9992 4.3373 1.1683 14.5789 7.3626 4.2523 -0.0649
4 0.2032 0.7128 1.2190 4.2670 4.8064 2.3873 13.3285 14.7645 11.0345 1.4589
5 0.1478 0.4013 1.1821 2.9149 4.3282 3.4971 16.0798 16.6772 4.4685
6 0.1137 0.1944 1.1366 1.9656 3.4173 4.4992 14.1098 19.9049 8.7485
7 0.0909 0.0500 1.0912 1.3353 2.2995 5.4104 10.7755 20.3500 14.1272
8 0.0749 -0.0545 1.0484 0.9453 1.0837 6.2466 7.2863 17.9597 20.4750

Table 1: Moments of pseudoscalor current-current correlation function.

2.2 Moments in continuum perturbation

Of course the moments in continuum perturbation theory is defined by correlators j(x). First, we consider pseu-
doscalor vacuum polarization function Π(q2),

q2Πpseudo(q2) = i

∫
dxeiqx〈0|Tj5(x)j5(0)|0〉. (2.6)

And this vacuum polarization functions Π(q2) can be Taylor expanded in powers of q2

m2

Π(q2) =
3

16π2

∞∑

k=−1

Ckz
k, (2.7)

where z =
(

q
2mquark(µ)

)2
, and Ck are coefficients. This constant can be written in the form

Ck = C(0)
k +

αs(µ)

π

(
C(10)

k + C(11)
k lm

)

+

(
αs(µ)

π

)2 (
C(20)

k + C(21)
k lm + C(22)

k l2m

)

+

(
αs(µ)

π

)3 (
C(30)

k + C(31)
k lm + C(32)

k l2m + C(33)
k l3m

)

+...,

where lm := log (m2
c(µ))
µ2 . These coefficients are derived up to four loop orders, C(3i)

k [6], [7], [8], [2]. Now we can
construct the reduced moments rn in continuum by this coefficients. Starting point is here

g2n :=

∫
dx

(
1

n!

)(
− ∂

∂q2

)n

eiqx〈0|Tj5(x)j5(0)|0〉 =
(

1

n!

)(
− ∂

∂q2

)n

(q2Π(q2)), (2.8)

where p = 0. This equation define gn which is moments by the perturbative QCD. Then thinking about q2

m2

expansion,

g2n =

(
1

n!

)(
− ∂

∂q2

)n ∞∑

k=−1




3

16π2

1

(2mquark(µ))
2k

Ck

︸ ︷︷ ︸
=g2k+2

q2k+2




. (2.9)

Above of all, we express reduced moments rn as (for n ≥ 6)

(r2k+2)
((2k+2)−4) :=

g2k+2

g(0)2k+2

=
Ck

C(0)
k

, (2.10)

where gn represents moments by the perturbative QCD. Then we combine this continuum results and lattice results,
extract the charm mass precisely.

3

n=4,6,8,10	

Perturbative moment	
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– 18–

Figure 3. The values of each quark mass parameter taken from
the Data Listings. The points are in chronological order with
the more recent measurements at the top. Points from papers
reporting no error bars are colored grey. The shaded regions
indicate values excluded by our evaluations; some regions were
determined in part through examination of Fig. 2.

August 21, 2014 13:18

HPQCD(2008)	

[K.A.Olive	  et	  al	  (Par.cle	  Data	  Group)	  (2014)	  and	  2015	  update]	

(Gray band is our result)	

Result and PDG	



       factor extraction     	
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"
"Input                      " " " " "      Predict      "

"
"
"

" " " "        "   then invert it…"
"
"
     Input                                                    Predict "
"
"
◉ Moment is known perturbatively (and experimentally)."
"
   (Input Experiment                                              )"
"
    Input Perturbation"

ZV �!

ZV

Rn

Rn

�! ZV

�! �ZV ⇠ 1%

�ZV ⇠ 3%�!
(or 2% with PDG ↵MS)
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mc(3GeV) Trunc. Stat. a O(a4) FV ALL
R6, R8, R10 0.9945 GeV (83) (13) (7) (52) (32) =(105)

R6, R6/R8, R10 0.9948 GeV (176) (13) (7) (50) (32) =(187)
R6/R8, R8, R10 0.9944 GeV (78) (14) (7) (53) (33) =(102)

↵s(3GeV) Trunc. Stat. a O(a4) FV ALL
R6, R8, R10 0.2530 (212) (9) (5) (41) (31) =(219)

R6, R6/R8, R10 0.2534 (120) (10) (4) (45) (33) =(133)
R6/R8, R8, R10 0.2534 (119) (10) (4) (45) (33) =(132)

hG2i/m4 Trunc. Stat. a O(a4) FV ALL
R6, R8, R10 -0.0019 (88) (0) (0) (3) (1) =(88)

R6, R6/R8, R10 -0.0017 (132) (0) (0) (4) (0) =(132)
R6/R8, R8, R10 -0.0019 (69) (0) (0) (3) (0) =(69)


